
































Zh dqdo|}h wkh zhoiduh surshuwlhv ri wkh frpshwlwlyh htxloleulxp lq d fdslwdo
dffxpxodwlrq prgho zkhuh lqglylgxdo suhihuhqfhv duh vxemhfwhg wr erwk kdelw
irupdwlrq dqg frqvxpswlrq vslooryhuv1 Zh dovr glvfxvv krz frqvxpswlrq h{0
whuqdolwlhv dqg kdelwv lqwhudfw wr jhqhudwh dq lqh￿flhqw g|qdplf htxloleulxp1
Ilqdoo|/ zh fkdudfwhul}h rswlpdo wd{ srolflhv dlphg wr uhvwruh h￿flhqw ghfhqwudo0
l}hg sdwkv1
MHO fodvvl￿fdwlrq frghv= G<4/ H95/ R731
Nh|zrugv= Kdelw Irupdwlrq/ Frqvxpswlrq H{whuqdolwlhv/ Htxloleulxp H￿0
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Wklv sdshu dqdo|}hv wkh zhoiduh surshuwlhv ri wkh frpshwlwlyh htxloleulxp lq d fdslwdo
dffxpxodwlrq prgho zkhuh lqglylgxdo suhihuhqfhv duh vxemhfwhg erwk wr d surfhvv ri
kdelw irupdwlrq dqg wr vslooryhuv iurp wkh rwkhu djhqwv* frqvxpswlrq1 Lqwhuwhpsrudo
jhqhudo htxloleulxp prghov kdyh wudglwlrqdoo| dvvxphg wkdw lqglylgxdo wdvwhv duh
h{rjhqrxv lq wkh vhqvh wkdw/ lq hdfk shulrg/ djhqwv ghulyh xwlolw| h{foxvlyho| iurp wkh
devroxwh ohyho ri wkhlu rzq fxuuhqw frqvxpswlrq1 Lq rxu prgho wdvwhv duh krzhyhu
hqgrjhqrxv ehfdxvh wkh xwlolw| ghulyhg iurp d jlyhq ohyho ri suhvhqw frqvxpswlrq
g h s h q g vr qdu h i h u h q f ho h y h o /z k l f kf d qe hy l h z h gd vd+wlph0ydu|lqj, vwdqgdug ri
olylqj1 Lq idfw/ d jurzlqj qxpehu ri sdshuv lq pdfurhfrqrplfv kdyh lqwurgxfhg
hqgrjhqrxv suhihuhqfhv lq rughu wr dffrxqw iru vrph hfrqrplf idfwv wkdw fdqqrw eh
uhfrqflohg zlwk wkh pruh wudglwlrqdo wkhrulhv edvhg rq h{rjhqrxv suhihuhqfhv1￿
Wkh lqwurgxfwlrq ri kdelw irupdwlrq phdqv wkdw wkh lqglylgxdov ri rxu prgho
ghulyh xwlolw| iurp wkh frpsdulvrq ri wkh fxuuhqw ohyho ri rzq frqvxpswlrq zlwk
wkdw lq wkh suhylrxv shulrg1 Wkhuhiruh/ zkhq lqglylgxdov fkrrvh wkhlu fxuuhqw
frqvxpswlrq/ wkh| duh vlpxowdqhrxvo| vhwwlqj d vwdqgdug ri olylqj wkdw zloo eh xvhg
wr hydoxdwh wkh xwlolw| dffuxlqj iurp wkh ohyho ri ixwxuh frqvxpswlrq1 Zh dvvxph
wkdw sdvw frqvxpswlrq lpsrvhv d plqlpxp ohyho iru ixwxuh frqvxpswlrq dqg/ khqfh/
zh xvh wkh _vxewudfwlyh% ixqfwlrqdo irup wr lqwurgxfh kdelwv1 Wklv lv lq frqwudvw
wr wkh _pxowlsolfdwlyh% vshfl￿fdwlrq frqvlghuhg e| rwkhu dxwkruv olnh/ iru lqvwdqfh/
Deho +4<<3,/ Fduuroo hw do1 +4<<:/ 5333,/ dqg Fduuroo +5333,1 Wkh uhdvrq iru rxu
fkrlfh lv wkdw wkh vxewudfwlyh irupxodwlrq doorzv xv wr pdlqwdlq wkh xvxdo frqfdylw|
surshuw| ri wkh xwlolw| ixqfwlrq dqg grhv qrw pdnh wkh dqdo|vlv vxevwdqwldoo| pruh
fxpehuvrph wkdq xqghu wkh wudglwlrqdo vshfl￿fdwlrq ri suhihuhqfhv1 Pruhryhu/ vrph
hpslulfdo vwxglhv kdyh dujxhg lq idyru ri wkh vxewudfwlyh vshfl￿fdwlrq wr uhfrqfloh
wkhru| zlwk frqvxpswlrq gdwd12
Zh dvvxph wkdw wkh ehqfkpdun ohyho ri frqvxpswlrq lv dovr gulyhq e| hlwkhu
_hjrlvwlf% ru _dowuxlvwlf% prwlydwlrqv/ vlqfh lqglylgxdov fduh derxw wkh ohyho ri
frqvxpswlrq ri wkhlu qhljkeruv1 Pruh suhflvho|/ rxu lqglylgxdov* xwlolw| ghshqgv erwk
rq wkh odjjhg dqg rq wkh fxuuhqw ohyhov ri dyhudjh frqvxpswlrq lq wkh hfrqrp|1 Wkhvh
frqvxpswlrq vslooryhuv pd| hlwkhu uhgxfh ru lqfuhdvh wkh iholflw| wkdw hdfk lqglylgxdo
rewdlqv iurp klv rzq +kdelw dgmxvwhg, frqvxpswlrq1 Rxu prgho wkxv hqfrpsdvvhv
erwk wkh _fdwfklqj xs zlwk wkh Mrqhvhv% dqg wkh _nhhslqj xs zlwk wkh Mrqhvhv%
ihdwxuhv lqwurgxfhg e| Deho +4<<3, dqg Jdo￿ ￿ +4<<7,/ uhvshfwlyho|1 Lq wkh iruphu fdvh
wkh odjjhg ydoxh ri rwkhuv* frqvxpswlrq pdnhv pruh ydoxdeoh wkh pdujlqdo lqfuhdvh
ri fxuuhqw rzq frqvxpswlrq/ zkloh lq wkh odwhu fdvh wkh fxuuhqw ydoxh ri rwkhuv*
frqvxpswlrq lqfuhdvhv wkdw sulydwh pdujlqdo xwlolw|1 Lq rughu wr eh frqvlvwhqw zlwk
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4wkh ixqfwlrqdo irup xvhg wr lqwurgxfh kdelwv/ zh dovr xvh wkh vxewudfwlyh vshfl￿fdwlrq
iru frqvxpswlrq vslooryhuv1 Wkhuhiruh/ wkh dujxphqw lq lqglylgxdov* xwlolw| ixqfwlrq
wxuqv rxw wr eh dq dgglwlyh frpelqdwlrq ri wkh fxuuhqw ohyho ri rzq frqvxpswlrq/ wkh
odjjhg ydoxh ri rzq frqvxpswlrq/ wkh fxuuhqw ohyho ri dyhudjh frqvxpswlrq/ dqg wkh
odjjhg ydoxh ri dyhudjh frqvxpswlrq1
Wkh uhvw ri wkh prgho kdv wkh w|slfdo ihdwxuhv ri d ghwhuplqlvwlf hfrqrp| zlwk
lq￿qlwho| olyhg djhqwv1 Wkh surgxfwlrq vlgh lv prghohg zlwk d vwdqgdug qhrfodvvlfdo
surgxfwlrq ixqfwlrq zlwk frqvwdqw uhwxuqv wr vfdoh wkdw xvhv udz oderu dqg fdslwdo
dv lqsxwv1 Wkh htxloleulxp h{klelwv wudqvlwlrqdo g|qdplfv gulyhq e| wkh ghfuhdvlqj
uhwxuqv wr fdslwdo dqg wkh wlph ghshqghqfh ri suhihuhqfhv1 Dw d jlyhq shulrg wkh
vwdqgdug ri olylqj ghulyhg iurp sdvw frqvxpswlrq lv ￿{hg dqg/ wkxv/ wkh frqvxpswlrq
grhv qrw dgmxvw lqvwdqwdqhrxvo| wr wkh ehqfkpdun ohyho1 Wkhuhiruh/ zkhq kdelwv
duh lqwurgxfhg/ wkh dvvxpswlrq ri ghfuhdvlqj uhwxuqv wr fdslwdo lv qrw qhfhvvdu| wr
jhqhudwh wudqvlwlrqdo g|qdplfv vlqfh wkh suhihuhqfhv dorqh fdq jlyh udlvh wr qrq0
lqvwdqwdqhrxv dgmxvwphqw sdwkv1
Frqvxpswlrq h{whuqdolwlhv frqvwlwxwh d srwhqwldo vrxufh ri htxloleulxp lqh￿flhqf|
vlqfh lqglylgxdov gr qrw wdnh wkhp lqwr dffrxqw zkhq wkh| fkrrvh wkhlu lqglylgxdo
frqvxpswlrq sdwkv1 Lq sduwlfxodu/ wkh frqvxpswlrq h{whuqdolwlhv frqvlghuhg lq rxu
prgho d￿hfw wkh ixwxuh vwdqgdug ri olylqj dqg/ wkxv/ wkh| kdyh frqvhtxhqfhv iru wkh
lqglylgxdov* zloolqjqhvv wr vxevwlwxwh frqvxpswlrq dfurvv shulrgv1 Vlqfh d ehqhyrohqw
vrfldo sodqqhu zrxog lqwhuqdol}h wkhvh frqvxpswlrq vslooryhuv/ wkh pdujlqdo udwh ri
vxevwlwxwlrq ehwzhhq frqvxpswlrq dw gl￿huhqw shulrgv ri dq lqglylgxdo ehkdylqj
frpshwlwlyho| gl￿huv iurp wkdw ri wkh vrfldo sodqqhu1 Dv d frqvhtxhqfh/ wkh
frpshwlwlyh sdwk ri frqvxpswlrq lv qrw h￿flhqw1 Lw vkrxog eh qrwhg wkdw wkh nh|
hohphqw iru wkh h{lvwhqfh ri lqh￿flhqf| lv wkh lqwhudfwlrq ri frqvxpswlrq h{whuqdolwlhv
zlwk wlph ghshqghqw suhihuhqfhv1 Wkxv/ wkh h{whuqdolw| dffuxlqj iurp wkh fxuuhqw
dyhudjh frqvxpswlrq grhv qrw jhqhudwh lqh￿flhqf| zkhqhyhu lqglylgxdov* suhihuhqfhv
duh qhlwkhu vxemhfw wr d surfhvv ri kdelw irupdwlrq qru wr vslooryhu h￿hfwv iurp wkh
rwkhuv* sdvw frqvxpswlrq1 Xqghu wlph lqghshqghqw suhihuhqfhv/ frqwhpsrudqhrxv
h{whuqdolwlhv gr qrw kdyh lqwhuwhpsrudo h￿hfwv rq wkh pdujlqdo xwlolw| ri rzq
frqvxpswlrq dqg/ wkxv/ wkh ixqfwlrqdo irup ri wkh pdujlqdo udwh ri vxevwlwxwlrq
ri d frpshwlwlyh hfrqrp| lv lghqwlfdo wr wkdw ri wkh vrfldo sodqqhu1
Wkh h{lvwhqfh ri lqh￿flhqw frpshwlwlyh sdwkv fdoov iru lpsohphqwlqj d ￿vfdo srolf|
dlphg wr uhsolfdwh wkh vrfldoo| sodqqhg vroxwlrq1 Zh fkdudfwhul}h wkh rswlpdo udwhv
ri erwk d fdslwdo lqfrph wd{ dqg d frqvxpswlrq wd{1 Zh vkrz wkdw/ li lqglylgxdov*
zloolqjqhvv wr vkliw suhvhqw frqvxpswlrq wr wkh ixwxuh lv vxerswlpdoo| orz dorqj
wkh vrfldoo| sodqqhg vroxwlrq/ htxloleulxp h￿flhqf| zloo eh dfklhyhg e| phdqv ri
hlwkhu vxevlgl}lqj fdslwdo lqfrph ru lqwurgxflqj d wd{ rq frqvxpswlrq zlwk d wd{
udwh wkdw idoov ryhu wlph1 Wkhvh wd{ srolflhv ghfuhdvh wkh uhodwlyh sulfh ri ixwxuh
frqvxpswlrq dqg hqfrxudjh lqglylgxdov wr vkliw frqvxpswlrq iurp wkh suhvhqw wr wkh
ixwxuh1 Pruhryhu/ wkh rswlpdo udwhv ri wkh fdslwdo lqfrph wd{ dqg ri wkh frqvxpswlrq
wd{ frqyhujh wr }hur dqg wr d frqvwdqw ydoxh/ uhvshfwlyho|/ vlqfh qr lqh￿flhqflhv
dsshdu dw d vwhdg| vwdwh1
Wkh rxwolqh ri wkh sdshu lv dv iroorzv1 Vhfwlrq 5 suhvhqwv wkh ehqfkpdun
prgho zkhuh suhihuhqfhv duh hqgrjhqrxvo| ghwhuplqhg1 Lq Vhfwlrq 6 zh ghulyh wkh
htxloleulxp sdwk ri wkh frpshwlwlyh hfrqrp|/ zkloh lq Vhfwlrq 7 zh fkdudfwhul}h
5wkh vroxwlrq ri wkh vrfldoo| sodqqhg hfrqrp|1 Vhfwlrq 8 glvfxvvhv wkh h￿flhqf|
surshuwlhv ri wkh frpshwlwlyh htxloleulxp1 Zh fkdudfwhul}h wkh rswlpdo wd{dwlrq
srolf| lq Vhfwlrq 91 Vhfwlrq : frqfoxghv wkh sdshu1
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Wkh hfrqrp| lv frpsrvhg ri d frqwlqxxp ri lghqwlfdo lqglylgxdov idflqj dq lq￿qlwh
olihwlph lq glvfuhwh wlph1 Wkh srsxodwlrq jurzv dw d frqvwdqw/ h{rjhqrxv jurzwk
udwh qA￿4= Lqglylgxdo suhihuhqfhv gl￿hu iurp wkh wudglwlrqdo vshfl￿fdwlrq zkhuh
lqglylgxdov ghulyh xwlolw| rqo| iurp wkhlu devroxwh ohyho ri frqvxpswlrq lq hdfk shulrg1
Zh dvvxph wkxv wkdw lqglylgxdov ghulyh xwlolw| iurp wkh frpsdulvrq ehwzhhq fxuuhqw
rzq frqvxpswlrq dqg d uhihuhqfh ohyho1 Wklv uhihuhqfh ohyho lv ghwhuplqhg e| wkh
odjjhg ydoxh ri lqglylgxdov* rzq frqvxpswlrq dqg e| fxuuhqw dqg odjjhg dyhudjh
frqvxpswlrq lq wkh hfrqrp|1 Zh wkxv srvlw wkh iroorzlqj lqvwdqwdqhrxv xwlolw|
ixqfwlrq=
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zkhuh f| lv wkh frqvxpswlrq dw shulrg w ri wkh lqglylgxdo xqghu frqvlghudwlrq dqg
f| lv wkh dyhudjh frqvxpswlrq ri wkh hfrqrp| dw shulrg w= Zh dvvxph wkdw wkh
suhihuhqfh sdudphwhuv vdwlvi| ￿A3>￿5 +3>4,>￿5 +￿4>4, dqg ￿ 5 +￿4>4,1 Wkh
sdudphwhu ￿ ehfrphv wkh lqyhuvh ri wkh hodvwlflw| ri lqwhuwhpsrudo vxevwlwxwlrq zkhq
￿ @ ￿ @ ￿ @3 = Wkh sduwlfxodu fdvh zlwk ￿A3d q g￿ @ ￿ @ 3 fruuhvsrqgv wr
wkh kdelw irupdwlrq prgho zkhuh wkh dprxqw ri rzq frqvxpswlrq lq wkh suhylrxv
shulrg ehfrphv d vwdqgdug ri olylqj wkdw lv xvhg wr hydoxdwh wkh xwlolw| dffuxlqj
iurp fxuuhqw frqvxpswlrq1 Wkh sdudphwhu ￿ wkxv phdvxuhv krz lpsruwdqw lv wkh
uhihuhqfh vhw e| sdvw rzq frqvxpswlrq1 Dv Frqvwdqwlqlglhv +4<<3, dqg Fdpsehoo
dqg Frfkudqh +4<<<, dprqj rwkhuv/ zh xvh d vxewudfwlyh vshfl￿fdwlrq iru prghoolqj
kdelw irupdwlrq lqvwhdg ri wkh pxowlsolfdwlyh rqh vxjjhvwhg e| rwkhu dxwkruv olnh
Deho +4<<3/ 4<<<, dqg Fduuroo hw do1 +4<<:/ 5333,1 Wkh odwhu irupxodwlrq zrxog irufh
xv wr frqvlghu rqo| wkh fdvh zkhuh wkh sdudphwhu ￿ wdnhv d ydoxh odujhu wkdq rqh
lq rughu wr rewdlq lqwhulru vroxwlrqv iru wkh frpshwlwlyh frqvxpswlrq sdwk1￿ Rxu
vshfl￿fdwlrq ri kdelw irupdwlrq dyrlgv wklv sureohp dw wkh frvw ri kdylqj d gl￿huhqw
rqh/ qdpho|/ wkdw wkh kdelw dgmxvwhg frqvxpswlrq frxog eh qhjdwlyh dqg/ khqfh/ wkh
xwlolw| ixqfwlrq zrxog qrw eh zhoo gh￿qhg lq wkdw fdvh +vhh Fduuroo/ 5333,1L q r x u
ghwhuplqlvwlf iudphzrun/ wklv sureohp lv hdvlo| vroyhg e| lpsrvlqj wkh dssursuldwh
sdudphwulf frqglwlrqv wkdw hqvxuh d srvlwlyh ydoxh ri wkh kdelw dgmxvwhg frqvxpswlrq1
Li ￿ 9@3 > lqglylgxdov fduh derxw wkh odjjhg ydoxh ri dyhudjh frqvxpswlrq lq wkh
hfrqrp|1 Lq sduwlfxodu/ zkhq zh dvvxph ￿A3d q g￿ @ ￿ @3l q+514,/ wkh prgho
uhgxfhv wr wkh vlpsoh irupxodwlrq ri _fdwfklqj xs zlwk wkh Mrqhvhv% lqwurgxfhg e|
Deho +4<<3,1e Li ￿ 9@ 3/ lqglylgxdov* xwlolw| lv d￿hfwhg e| dq h{whuqdolw| dffuxlqj
iurp wkh fxuuhqw dyhudjh frqvxpswlrq lq wkh hfrqrp|/ dv lq Jdo￿ ￿ +4<<7,1 Wkh fdvh
zlwk ￿A3d q g￿ @ ￿ @ 3 fruuhvsrqgv wr wkh _nhhslqj xs zlwk wkh Mrqhvhv% prgho
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6zkhuh wkh rwkhuv* frqvxpswlrq lqfuhdvhv wkh pdujlqdo xwlolw| ri rzq frqvxpswlrq1
Lq wkh fdvh zlwk ￿?3d q g￿ @ ￿ @ 3 dyhudjh frqvxpswlrq glvsod|v qhjdwlyh
h{whuqdolwlhv vlqfh wkh rwkhuv* frqvxpswlrq pdnhv ohvv ydoxdeoh dq dgglwlrqdo xqlw ri
rzq frqvxpswlrq1
Qrwh wkdw/ lq rughu wr eh frqvlvwhqw zlwk wkh vshfl￿fdwlrq xvhg iru wkh surfhvv
ri kdelw irupdwlrq/ zh srvlw wkh vxewudfwlyh irupxodwlrq wr lqwurgxfh frqvxpswlrq
vslooryhuv1 Dv zh kdyh srlqwhg rxw deryh/ zh zloo kdyh wr lpsrvh frqglwlrqv wkdw
hqvxuh d srvlwlyh ydoxh ri wkh dujxphqw ri wkh xwlolw| ixqfwlrq +514, dorqj wkh
htxloleulxp sdwk ri frqvxpswlrq1 E| vlpso| lpsrvlqj wkdw ￿ . ￿ . ￿?4> zh
zloo jxdudqwhh wkdw wkh xwlolw| ixqfwlrq zloo eh zhoo gh￿qhg durxqg d vwdwlrqdu|
frqvxpswlrq sdwk1 Iurp qrz rq/ zh dvvxph wkdw wkh suhylrxv lqhtxdolw| krogv1
Hdfk lqglylgxdo lqhodvwlfdoo| vxssolhv rqh xqlw ri oderu lq hdfk shulrg1 Dw hdfk
gdwh d vlqjoh jrrg lv surgxfhg dffruglqj wr d frqvwdqw uhwxuqv wr vfdoh whfkqrorj|
wkdw xvhv oderu dqg fdslwdo dv lqsxwv1 Jurvv rxwsxw shu fdslwd || lv wkxv d ixqfwlrq
ri fdslwdo shu fdslwd n|/
|| @ i +n|,>
zkhuh wkh shu fdslwd surgxfwlrq ixqfwlrq i vdwlv￿hv wkh vwdqgdug qhrfodvvlfdo
surshuwlhv/ i￿ +n|, A 3d q gi￿￿+n|, ? 3> dqg wkh xvxdo Lqdgd frqglwlrqv iru n| A 31
Wkh vlqjoh jrrg ri wkh hfrqrp| fdq eh hlwkhu frqvxphg ru dgghg wr wkh fdslwdo
vwrfn1
Wkh jryhuqphqw lq wklv hfrqrp| vhwv ￿dw udwh wd{hv rq fdslwdo lqfrph dqg rq
frqvxpswlrq1 Zh doorz erwk wd{ udwhv wr eh wlph0ydu|lqj1 Wkh ￿vfdo uhyhqxhv duh
uhwxuqhg wr lqglylgxdov e| phdqv ri d oxps0vxp vxevlg|1 Khqfh/ wkh jryhuqphqw
idfhv wkh iroorzlqj exgjhw frqvwudlqw=
￿&
| u|n| .￿S
| f| @ V|> +515,
zkhuh ￿&
| dqg ￿S
| duh uhvshfwlyho| wkh lqfrph wd{ udwh dqg wkh frqvxpswlrq wd{ udwh
dw wlph w> u| lv wkh uhqwdo udwh ri fdslwdo/ dqg V| lv d oxps0vxp wudqvihu shu fdslwd1
Wkh exgjhw frqvwudlqw ri dq lqglylgxdo lv wkxv
+4.￿S









n| . V| ￿ +4.q,n|n￿> +516,
zkhuh z| lv wkh uhqwdo udwh ri oderu dqg ￿ 5 +3>4, lv wkh ghsuhfldwlrq udwh ri wkh
fdslwdo vwrfn1
Lq wkh iroorzlqj wzr vhfwlrqv zh zloo dqdo|}h wkh frpshwlwlyh htxloleulxp dqg wkh
vrfldoo| sodqqhg vroxwlrq ri wklv hfrqrp|1
 
  		
Lq wkh frpshwlwlyh hfrqrp|/ idfwru sulfhv duh htxdwhg wr pdujlqdo surgxfwlylwlhv vr
wkdw
z| @ i +n|, ￿ i￿ +n|,n|> +614,
dqg
7u| @ i￿ +n|,= +615,
Hdfk lqglylgxdo fkrrvhv d vhtxhqfh ri frqvxpswlrq if|j
"




vxemhfw wr wkh exgjhw frqvwudlqw +516,/ iru d jlyhq vhtxhqfh if|j
"
|’3￿ ri dyhudjh
frqvxpswlrq dqg iru wkh jlyhq lqlwldo frqglwlrqv rq fdslwdo nf dqg rq frqvxpswlrq
f3￿= Wkh sdudphwhu ￿ 5 +3>4, lv wkh vxemhfwlyh glvfrxqw idfwru1 Wkh Odjudqjldq

























|’f dqg ￿ @ i￿|j
"
|’f lv wkh lq￿qlwh vhtxhqfh ri
srvlwlyh Odjudqjh pxowlsolhuv1 Ohw xv gh￿qh x+w, ￿ x+f|>f |3￿>f|>f|3￿,>x ￿+w, @
Y￿ES|cS|3￿cS|cS|3￿￿
YS| dqg x2+w, @
Y￿ES|cS|3￿cS|cS|3￿￿
YS|3￿ = Wkh ￿uvw rughu frqglwlrqv ri wkh
suhylrxv sureohp duh wkxv
CO
Cf|
@ ￿|x￿ +w, . ￿|n￿x2+w .4 , ￿￿|+4.￿S















Wkh frpshwlwlyh htxloleulxp lv gh￿qhg e| wkh srvlwlyh sdwkv ri f|/ n| dqg ￿|
vdwlvi|lqj frqglwlrqv +616, dqg +617,/ lq dgglwlrq wr wkh exgjhw frqvwudlqw +516,/w k h
exgjhw frqvwudlqw ri wkh jryhuqphqw +515,/ wkh sur￿w0pd{lpl}lqj frqglwlrqv +614,
dqg +615,/ wkh wudqvyhuvdolw| frqglwlrqv
olp
|<" ￿|n|n￿ @3 > +618,
olp
|<" ￿|x￿+w,f| @3 > +619,
dqg wkh lqlwldo frqglwlrqv rq nf dqg f3￿1








x￿+w .4 , . ￿x2 +w .5 ,













zklfk lv wkh w|slfdo Hxohu frqglwlrq htxdwlqj wkh pdujlqdo udwh ri vxevwlwxwlrq +PUV/
khqfhiruwk, ri frqvxpswlrq ehwzhhq shulrgv w dqg w . 4 zlwk wkh fruuhvsrqglqj
8pdujlqdo udwh ri wudqvirupdwlrq +PUW/ khqfhiruwk,1 Qrwh wkdw wkh suhylrxv htxdwlrq
gl￿huv iurp wkh Hxohu htxdwlrq dsshdulqj lq vwdqgdug prghov ri fdslwdo dffxpxodwlrq
ehfdxvh khuh frqvxphuv wdnh lqwr dffrxqw wkh h￿hfw wkdw fxuuhqw frqvxpswlrq kdv lq
vhwwlqj wkh uhihuhqfh iru qh{w shulrg frqvxpswlrq1 Dffruglqj wr +514,/ dq xvlqj wkh
idfw wkdw lq d v|pphwulf htxloleulxp f| @ f| iru doo w/ zh revhuyh wkdw lq htxloleulxp/
x￿ +w,@
x+w,

































i￿ +n|n￿, ￿ ￿
￿=
+6143,
Ohw xv gh￿qh wkh jurvv udwh ri jurzwk ri wkh pdujlqdo xwlolw| x￿ +w,>
!| @
x￿ +w .4 ,
x￿ +w,
> +6144,



















i￿ +n|n￿, ￿ ￿
￿= +6145,





+f|n￿+4 ￿ ￿, ￿ +￿ . ￿,f|,
3j
+f| +4 ￿ ￿, ￿ +￿ . ￿,f|3￿,
3j= +6146,





































Frpelqlqj wkh jryhuqphqw dqg wkh lqglylgxdo exgjhw frqvwudlqwv +515, dqg +516,/
dqg vxevwlwxwlqj +614, dqg +615, lq wkh uhvxowlqj htxdwlrq/ zh rewdlq wkh uhvrxufh
frqvwudlqw
n|n￿ @
i +n|, . +4 ￿ ￿,n| ￿ f|
4.q
= +6149,
9Wkh v|vwhp ri ￿uvw rughu gl￿huhqfh htxdwlrqv +6145,/ +6147,/ +6148, dqg +6149,/
wrjhwkhu zlwk wkh wudqvyhuvdolw| frqglwlrqv +618, dqg +619, dqg wkh lqlwldo frqglwlrqv
rq nf dqg f3￿/ ixoo| fkdudfwhul}h wkh htxloleulxp sdwk ri wkh yduldeohv {|/ !|/ f| dqg
n|1
Ohw xv dvvxph qrz wkdw wkh jryhuqphqw iroorzv d vwdwlrqdu| ￿vfdo srolf|/ wkdw lv/
￿S
| @ ￿S dqg ￿&
| @ ￿& iru doo w= Dw d vwhdg| vwdwh ri wkh v|vwhp ri g|qdplf htxdwlrqv
+6145,/ +6147,/ +6148, dqg +6149, wkh yduldeohv {|/ !|/ f| dqg n| duh doo frqvwdqw1 Pdnlqj
n| @ n/ f|3￿ @ f/ {| @ { dqg !| @ ! iru doo w lq wkh v|vwhp ri htxdwlrqv +6145,/ +6147,/
+6148, dqg +6149,> zh jhw wkh iroorzlqj vwdwlrqdu| ydoxhv ri wkh yduldeohv ri wkh prgho=
{ @ ! @4 > +614:,
i￿+n, @




f @ i +n, ￿ +q . ￿,n= +614<,




5 +3>4,= Dq lqwhulru vwhdg| vwdwh h{lvwv li dqg rqo| li wkh
iroorzlqj frqglwlrq krogv=
4.qA￿ +4 ￿ ￿,= +6153,




A 3/ htxdwlrq +614;, lpsolhv wkdw frqglwlrq
+6153, vkrxog krog= Pruhryhu/ frqfdylw| lpsolhv wkdw
sE&￿
& Ai ￿ +n,/ zkhuhdv +614;,






& Aq. ￿> zklfk
phdqv wkdw fA3 dv iroorzv iurp +614<,1
Zh zloo qh{w vkrz wkdw wkh suhylrxv vwhdg| vwdwh lv lqghhg zhoo gh￿qhg1 Qrwh
￿uvw wkdw wkh dujxphqw lq wkh lqvwdqwdqhrxv xwlolw| +514, lv dozd|v vwulfwo| srvlwlyh
lq wkh vwhdg| vwdwh vlqfh { @4d q g￿ . ￿ . ￿?4= Wkhuhiruh/ wkh remhfwlyh ixqfwlrq
ri hdfk lqglylgxdo lv zhoo gh￿qhg durxqg d frpshwlwlyh vwhdg| vwdwh1





+4 ￿ ￿,{| ￿ +￿ . ￿,
￿
@3 =
Vlqfh {| dqg x+w, duh frqvwdqw dw wkh vwhdg| vwdwh/ wkh suhylrxv frqglwlrq krogv
ehfdxvh ￿ ehorqjv wr wkh rshq lqwhuydo +3>4, dqg ￿ . ￿ . ￿?4=
Dffruglqj wr +61<, dqg +6144,/ wkh ￿uvw rughu frqglwlrq +616, dw wkh vwhdg| vwdwh
ehfrphv
￿| @
￿|x￿ +w, ￿ ￿￿|n￿x￿ +w .4 ,






Vlqfh ! @4 > zh revhuyh wkdw ￿| A 3 li dqg rqo| li ￿￿ ? 4= Wkh suhylrxv lqhtxdolw|
dozd|v krogv vlqfh erwk ￿ dqg ￿ ehorqj wr wkh rshq lqwhuydo +3>4,= Wkhuhiruh/ vlqfh
￿| A 3> wkh glvfrxqwhg vxp ri xwlolwlhv lv lqfuhdvlqj lq wkh dprxqw ri fxuuhqw
:frqvxpswlrq f| +vhh +6154,,1 Ilqdoo|/ vxevwlwxwlqj +6154, lqwr wkh wudqvyhuvdolw|
frqglwlrq +618,/ zh fdq dovr frqfoxgh wkdw wklv wudqvyhuvdolw| frqglwlrq lv dovr vdwlv￿hg
dw wkh vwhdg| vwdwh1
Frqfhuqlqj wkh vwdelolw| surshuwlhv ri wkh vwhdg| vwdwh zh mxvw kdyh wr qrwlfh
wkdw wkh g|qdplf v|vwhp iruphg e| wkh gl￿huhqfh htxdwlrqv +6145,/ +6147,/ +6148,
dqg +6149, glvsod|v vdggoh sdwk vwdelolw| zkhqhyhu ￿ @ ￿ @ ￿ @3 > v l q f hl qw k l v
fdvh wkh prgho uhgxfhv wr wkh vwdqgdug qhrfodvvlfdo prgho ri fdslwdo dffxpxodwlrq1
Wkxv/ wkh vwhdg| vwdwh ri wkh prgho frqvlghuhg lq wklv sdshu lv vdggoh0sdwk vwdeoh iru
ydoxhv ri wkh yhfwru +￿>￿>￿, 5 U￿ o|lqj lq d vx￿flhqwo| vpdoo qhljkerukrrg ri wkh
yhfwru +3>3>3,= Iurp qrz rq/ zh zloo dvvxph wkdw wkh vwhdg| vwdwh ri rxu prgho lv
vdggoh0sdwk vwdeoh vr wkdw/ iru jlyhq lqlwldo frqglwlrqv rq nf dqg f3￿> wkh htxloleulxp
sdwk frqyhujhv wr wkh vwhdg| vwdwh fkdudfwhul}hg deryh1
Ilqdoo|/ zh fdq fkdudfwhul}h wkh orqj uxq h￿hfwv ri fkdqjhv lq wkh vwdwlrqdu| wd{
udwhv ￿S dqg ￿&= Wkhvh h￿hfwv lpphgldwho| iroorz iurp dsso|lqj d frpsdudwlyh vwdwlf
dqdo|vlv ryhu wkh h{suhvvlrqv ri f dqg n lq +614;, dqg +614<,1 Zh revhuyh wkdw n lv
ghfuhdvlqj lq ￿&1 Pruhryhu/ fkdqjhv lq wkh wd{ udwh ￿S kdyh qr orqj uxq h￿hfwv1 Wkh
uhvxowv frlqflgh zlwk wkrvh rewdlqhg lq wkh vwdqgdug qhrfodvvlfdo jurzwk prgho1D Lq
idfw/ wkh vwhdg| vwdwh ghulyhg lq wklv prgho zlwk hqgrjhqrxv wdvwhv frlqflghv zlwk
wkh vwhdg| vwdwh ri wkh vwdqgdug qhrfodvvlfdo prgho1 Wklv rffxuv ehfdxvh wkh vwhdg|




Lq wklv vhfwlrq zh wxuq rxu dwwhqwlrq wr wkh vroxwlrq wkdw d wlph frqvlvwhqw vrfldo
sodqqhu zrxog lpsohphqw1 Wklv vroxwlrq lv dovr fdoohg wkh h￿flhqw vroxwlrq1 Wkh
sodqqhu lqwhuqdol}hv wkh frqvxpswlrq vslooryhuv dqg/ wkxv/ kh shufhlyhv wkh iroorzlqj
xwlolw| ixqfwlrq=
a x+f|>f |3￿, ￿ x+f|>f |3￿>f |>f |3￿,@




Pruhryhu/ wkh djjuhjdwh uhvrxufh frqvwudlqw shu fdslwd idfhg e| wkh vrfldo sodqqhu lv










￿|a x+f|>f |3￿, . a ￿|^i+n|, . +4 ￿ ￿,n| ￿ f| ￿ +4.q,n|n￿‘
r
>





lv wkh lq￿qlwh vhtxhqfh ri srvlwlyh Odjudqjh pxowlsolhuv1 Gh￿qh
a x+w, ￿ a x+f|>f |3￿,> a x￿+w, @
Y￿ ￿ES|cS|3￿￿
YS| dqg a x2+w, @
Y￿ ￿ES|cS|3￿￿
YS|3￿ = Wkh ￿uvw rughu frqglwlrqv
iru wkh vrfldo sodqqhu*v sureohp duh wkxv
Ca O
Cf|
@ ￿|a x￿+w, . ￿|n￿a x2+w .4, ￿ a ￿| @3 > +715,
dqg






￿a ￿|n￿ ￿ +4 . q,a ￿| @3 > +716,
iru doo w1 Wkh vrfldoo| sodqqhg htxloleulxp lv gh￿qhg e| wkh srvlwlyh sdwkv ri e f|/ e n|
dqg a ￿| vdwlvi|lqj frqglwlrqv +715, dqg +716, lq dgglwlrq wr wkh uhvrxufh frqvwudlqw
+6149,/ wkh wudqvyhuvdolw| frqglwlrqv
olp
|<"
a ￿|n|n￿ @3 > +717,
olp
|<" ￿|a x￿+w,f| @3 > +718,
dqg wkh lqlwldo frqglwlrqv rq nf dqg f3￿1
Frpelqlqj htxdwlrqv +715, dqg +716,/ zh jhw wkh w|slfdo Hxohu frqglwlrq
a x￿ +w .4 , . ￿a x2 +w .5 ,





4.i￿+a n|n￿, ￿ ￿
l= +719,
Dffruglqj wr +714,/ zh revhuyh wkdw
a x￿ +w, @a x+w,
￿
4 ￿ ￿









































4.i￿+a n|n￿, ￿ ￿
l= +71<,
Ohw xv gh￿qh a !| @
￿ ￿￿E|n￿￿
￿ ￿￿E|￿ 1 Qrwh wkdw wkh gh￿qlwlrq ri a !| lv wkh h{dfw frxqwhusduw
ri wkdw ri !| jlyhq lq +6144, iru wkh frpshwlwlyh hfrqrp|1 Zh fdq uhzulwh +71<, dv
#
% ￿ a !|n￿










￿ +￿ . ￿,
=
Xvlqj wkh gh￿qlwlrq ri a !| dqg wkh ixqfwlrqdo irup ri wkh xwlolw| ixqfwlrq/ zh
rewdlq
a !| @
a x￿+w .4 ,
a x￿ +w,
@
+a f|n￿+4 ￿ ￿, ￿ +￿ . ￿,a f|,
3j
+a f| +4 ￿ ￿, ￿ +￿ . ￿,a f|3￿,
3j= +7144,










































. +4 ￿ ￿,a n| ￿ a f|
4.q
= +7147,
Wkh v|vwhp ri ￿uvw rughu gl￿huhqfh htxdwlrqv +7143,/ +7145,/ +7146, dqg +7147,/
wrjhwkhu zlwk wkh wudqvyhuvdolw| frqglwlrqv +717, dqg +718, dqg wkh lqlwldo frqglwlrqv
nf dqg f3￿> ixoo| fkdudfwhul}h wkh g|qdplfv ri wkh yduldeohv a !|/a {|/a f| dqg a n|1Z h
fdq hdvlo| fkhfn wkdw wkh gl￿huhqfh htxdwlrqv +7145,/ +7146, dqg +7147, fkdudfwhul}lqj
wkh vrfldoo| sodqqhg vroxwlrq duh wkh h{dfw frxqwhusduwv ri htxdwlrqv +6147,/ +6148,
dqg +6149, fkdudfwhul}lqj wkh frpshwlwlyh htxloleulxp1 Wkhuhiruh/ wkh frpshwlwlyh
dqg wkh vrfldoo| sodqqhg vroxwlrqv rqo| gl￿hu lq wkh htxdwlrqv fkdudfwhul}lqj wkh
hyroxwlrq ri !| dqg a !| +vhh +6145, dqg +7143,,1
Lq rughu wr ￿qg wkh vwhdg| vwdwh ri wkh suhylrxv g|qdplf v|vwhp/ zh hydoxdwh
htxdwlrqv +7143,/ +7145,/ +7146, dqg +7147, dw a !| @ a !/a {| @a {/a f| @a f dqg a n| @ a n iru
doo w1 Zh wkxv rewdlq wkh iroorzlqj vwdwlrqdu| ydoxhv iru wkh yduldeohv ri wkh prgho=
a { @ a ! @4 > +7148,
i￿+a n, @




a f @ i+a n, ￿ +￿ .q,a n= +714:,
Zh vhh iurp orrnlqj dw +614:,/ +614;, dqg +614<,/ wkdw a ! @ !/a { @ {/a f @ f dqg a n @ n
zkhqhyhu ￿&
| @ 3 dqg ￿S
| @ ￿S
|n￿ iru doo w1 Wkhuhiruh/ zkhq wkh wd{ udwh rq fdslwdo
lqfrph lv }hur dqg wkh wd{ udwh rq frqvxpswlrq lv frqvwdqw/ wkh vwhdg| vwdwh ri wkh
frpshwlwlyh vroxwlrq frlqflghv zlwk wkdw ri wkh h￿flhqw vroxwlrq1 Dv zh srlqwhg rxw
zkhq glvfxvvlqj wkh frpshwlwlyh htxloleulxp/ wkh vwhdg| vwdwh ri wkh vrfldoo| sodqqhg
vroxwlrq lv vdggoh0sdwk vwdeoh iru ydoxhv ri wkh yhfwru +￿>￿>￿, vx￿flhqwo| forvh wr wkh
yhfwru +3>3>3,=
Qrwh wkdw frqglwlrq +6153,/ zklfk zdv lpsrvhg wr hqvxuh dq lqwhulru vwhdg| vwdwh
iru wkh frpshwlwlyh hfrqrp|/ lv dovr uhtxluhg wr rewdlq d vrfldoo| sodqqhg vroxwlrq
glvsod|lqj dq lqwhulru vwhdg| vwdwh1 Pruhryhu/ wkh wudqvyhuvdolw| frqglwlrqv +717, dqg
+718, krog dw wkh vwhdg| vwdwh1 Xvlqj +71:,/ wkh wudqvyhuvdolw| frqglwlrq +718, ehfrphv
43olp
|<" +4 ￿￿,￿|a x+w,
￿
a {|
+4 ￿ ￿,a {| ￿ +￿ . ￿,
￿
@3 =
Vlqfh a {| dqg a x+w, duh frqvwdqw dw wkh vwhdg| vwdwh/ wkh suhylrxv frqglwlrq lv vdwlv￿hg
ehfdxvh ￿ 5 +3>4, dqg ￿ . ￿ . ￿?4=
Dffruglqj wr +71;, dqg wkh gh￿qlwlrq ri a !|/ wkh ￿uvw rughu frqglwlrq +715, dw wkh
vwhdg| vwdwh ehfrphv





@ ￿|a x￿ +w,
#
4 ￿




Vlqfh ! @4d q g￿ . ￿ . ￿?4> zh revhuyh wkdw ￿| A 31 Wkhuhiruh/ vlqfh a ￿| A 3w k h
glvfrxqwhg vxp ri xwlolwlhv idfhg e| wkh vrfldo sodqqhu lv lqfuhdvlqj lq wkh dprxqw
ri fxuuhqw frqvxpswlrq a f| +vhh +714;,,1 Ilqdoo|/ soxjjlqj +714;, lq wkh wudqvyhuvdolw|





Wkh frpshwlwlyh htxloleulxp pd| eh lqh￿flhqw lq rxu prgho ehfdxvh lqglylgxdov
gr qrw lqwhuqdol}h wkh vslooryhuv dulvlqj irup wkh rwkhu djhqwv* frqvxpswlrq1 Lq
idfw/ wkhuh duh wzr srwhqwldo vrxufhv ri lqh￿flhqf|= wkh h{whuqdolw| dffuxlqj iurp
wkh odjjhg ydoxh ri dyhudjh frqvxpswlrq dqg wkdw jhqhudwhg e| wkh fxuuhqw ohyho
ri dyhudjh frqvxpswlrq1 Zkhq lqglylgxdov fkrrvh wkh suhvhqw ohyho ri frqvxpswlrq/
wkh| duh d￿hfwlqj suhvhqw dqg ixwxuh pdujlqdo xwlolwlhv lq d zd| wkdw lv qrw frpsohwho|
lqwhuqdol}hg1 Lq wklv vhfwlrq/ zh vwxg| wkh frqglwlrqv xqghu zklfk d qrq0h￿flhqw sdwk
dulvhv lq htxloleulxp1
Frpsdulqj wkh htxdwlrqv fkdudfwhul}lqj wkh frpshwlwlyh htxloleulxp zlwk wkh
rqhv fkdudfwhul}lqj wkh vrfldo sodqqhu*v vroxwlrq/ zh revhuyh wkdw wkh rqo| gl￿huhqfh
lv lq wkh htxdwlrqv wkdw uhodwh wkh jurzwk udwh ri pdujlqdo xwlolw| zlwk wkh vwrfn
ri fdslwdo +vhh +6145, dqg +7143,,1 Pruh suhflvho|/ wkh gl￿huhqfh ehwzhhq wkh wzr
vroxwlrqv olhv lq wkh Hxohu htxdwlrqv1 Rq wkh rqh kdqg/ wkh Hxohu frqglwlrq +61:, iru
wkh frpshwlwlyh hfrqrp| zlwkrxw wd{hv ehfrphv
x￿+w .4, .￿x2+w .5 ,
x￿+w, . ￿x2+w .4 ,
@
4.q
￿ ^4.i￿ +n|n￿, ￿ ￿‘
= +814,
Rq wkh rwkhu kdqg/ wkh Hxohu htxdwlrq iru wkh vrfldoo| sodqqhg hfrqrp| lv jlyhq
e| wkh htxdwlrq +719,1 Vlqfh wkh uljkw kdqg vlghv ri +814, dqg +719, duh lghqwlfdo/
wkh frpshwlwlyh sdwk ri frqvxpswlrq if|j
"
|’f zrxog eh h￿flhqw li dqg rqo| li wkh
ixqfwlrqdo irupv ri wkh PUV*v ri wkh wzr hfrqrplhv duh lghqwlfdo/
a x￿ +w .4 , . ￿a x2 +w .5 ,
a x￿+w, . ￿a x2 +w .4 ,
@
x￿+w .4 , . ￿x2+w .5 ,
x￿+w, . ￿x2+w .4 ,
=
Wkhuhiruh/ wkh frpshwlwlyh htxloleulxp lv h￿flhqw li dqg rqo| li
44a x￿+w,.￿a x2 +w .4 ,@#^x￿+w,.￿x2+w .4 , ‘> +815,
iru doo w dqg iru vrph frqvwdqw # dorqj wkh frpshwlwlyh htxloleulxp sdwk ri












@ #^x￿+w, ￿ ￿￿x￿+w .4 , ‘= +816,
Xvlqj wkh gh￿qlwlrq !| @
￿￿E|n￿￿









a x￿+w .4 ,
x￿+w .4 ,
￿
@ #^4 ￿ ￿￿!|‘= +817,
Jlyhq wkdw h{whuqdolwlhv hqwhu lq wkh xwlolw| ixqfwlrq lq d vxewudfwlyh zd|/ x￿+w,
dqg a x￿ +w, duh olqhduo| ghshqghqw iru doo w1 Lq sduwlfxodu/ dffruglqj wr +61;, dqg
+71:,/ lw krogv wkdw a x￿ +w, @ +4 ￿ ￿,x￿+w, dorqj wkh frpshwlwlyh htxloleulxp sdwk ri
frqvxpswlrq1 Wkhuhiruh/ wkh h￿flhqf| frqglwlrq +817, vlpsol￿hv wr
￿ ^￿ . ￿ +4 ￿ #,‘!| @4￿ ￿ ￿ #= +818,
Ohw xv hpskdvl}h wzr lpsruwdqw frqfoxvlrqv iurp wkh h￿flhqf| frqglwlrq +818,1
Iluvw/ wkh jurzwk udwh ri wkh pdujlqdo xwlolw| lv qrw frqvwdqw r￿ wkh vwhdg| vwdwh
ri wkh frpshwlwlyh hfrqrp|1 Wkhuhiruh/ wkh h￿flhqf| frqglwlrq +818, grhv qrw krog
dorqj wkh wudqvlwlrq wr wkh vwhdg| vwdwh dqg/ wkxv/ wkhuh lv uroh iru lpsrvlqj wd{hv
dlphg wr uhvwruh h￿flhqf|1 Vhfrqg/ wkh h{whuqdolw| dffuxlqj iurp wkh suhvhqw dyhudjh
frqvxpswlrq grhv qrw jhqhudwh lqh￿flhqflhv xqohvv lqglylgxdov* suhihuhqfhv eh wlph
ghshqghqw1 Wkh iroorzlqj sursrvlwlrq vwdwhv suhflvho| wkh uhvxow=
Sursrvlwlrq 41 Ohw ￿S @ ￿& @3 1 Wkhq/
+d, Wkh frpshwlwlyh htxloleulxp lv h￿flhqw dw wkh vwhdg| vwdwh1
+e, Wkh frpshwlwlyh htxloleulxp lv h￿flhqw r￿ wkh vwhdg| vwdwh li dqg rqo| li dw
ohdvw rqh ri wkh iroorzlqj vhwv ri frqglwlrqv krogv= +l, ￿ @ ￿ @3ru/ +ll, ￿ @ ￿ @3 1
Surri1 +d,1 Vlqfh wkh yduldeoh !| lv frqvwdqw dw wkh vwhdg| vwdwh/ wkh vwdwhphqw lq
sduw +d, iroorzv gluhfwo| iurp frqglwlrq +818,1
+e, Iluvw/ zkhq ￿ @ ￿ @3 > wkhuh duh qr h{whuqdolwlhv dqg/ khqfh/ wkhuh lv qrw
dq| vrxufh ri lqh￿flhqf|1 Vhfrqg/ zkhq ￿ @ ￿ @3 > wkh h￿flhqf| frqglwlrq +816,
vlpsol￿hv wr a x￿ +w, @ #x￿ +w,> zklfk lv vdwlv￿hg dv iroorzv iurp +61;, dqg +71:,1
Xqghu vdggoh0sdwk vwdelolw|/ wkh vwdwhphqw ri sduw +d, ri wkh suhylrxv sursrvlwlrq
lpsolhv wkdw wkh frpshwlwlyh htxloleulxp frqyhujhv wr d vwdwlrqdu| sdwk wkdw lv
h￿flhqw1 Lq idfw/ wklv surshuw| zdv douhdg| rewdlqhg lq wkh suhylrxv vhfwlrq/ vlqfh zh
vdz wkhuh wkdw wkh vwdwlrqdu| frpshwlwlyh vroxwlrq zlwk qr wd{hv lv lghqwlfdo wr wkh
vwdwlrqdu| h￿flhqw vroxwlrq1 Sduw +e, ri Sursrvlwlrq 4 whoov xv wkdw lqh￿flhqf| ri wkh
frpshwlwlyh htxloleulxp uhtxluhv vrph frqvxpswlrq h{whuqdolw| frpelqhg zlwk wlph
ghshqghqw suhihuhqfhv1 Wkh h{whuqdolw| dffuxlqj iurp wkh frqwhpsrudqhrxv ydoxh ri
45dyhudjh frqvxpswlrq lv wkxv qrw vx￿flhqw wr jhqhudwh lqh￿flhqf|1 Li suhihuhqfhv duh
wlph lqghshqghqw +￿ @ ￿ @ 3,/ wkh suhylrxv frqwhpsrudqhrxv h{whuqdolw| zloo dsshdu
dv d vfdoh idfwru d￿hfwlqj v|pphwulfdoo| wkh pdujlqdo xwlolw| ri rzq frqvxpswlrq lq
doo shulrgv dqg/ khqfh/ wkh PUV ri wkh frpshwlwlyh hfrqrp| zloo eh htxdo wr wkh
h￿flhqw PUV1 Lq frqwudvw/ li wkh frqwhpsrudqhrxv h{whuqdolw| frh{lvwv zlwk d surfhvv
ri kdelw irupdwlrq +￿ 9@3d q g￿ 9@ 3,/ wkhq wkh h{whuqdolw| dovr d￿hfwv wkh vwdqgdug
ri olylqj ri qh{w shulrg1 Wkhuhiruh/ vlqfh wkh vrfldo sodqqhu lqwhuqdol}hv wkh vslooryhuv
iurp suhvhqw frqvxpswlrq/ kh fdq d￿hfw dw vrph h{whqg krz lpsruwdqw lv wkh sdvw
vwdqgdug ri olylqj iru fxuuhqw xwlolw|1 Wkh vrfldo sodqqhu fdq plqlpl}h wkh h￿hfw
ri kdelwv rq ixwxuh frqvxpswlrq zkloh pd{lpl}lqj vlpxowdqhrxvo| wkh xwlolw| iurp
fxuuhqw frqvxpswlrq1 Lq rwkhu zrugv/ lq wkh vrfldoo| sodqqhg vroxwlrq kdelwv wxuq
rxw wr eh ohvv lpsruwdqw wkdq lq wkh frpshwlwlyh htxloleulxp dqg/ wkxv/ wkh PUV ri
wkh frpshwlwlyh htxloleulxp gl￿huv iurp wkdw ri wkh vrfldoo| sodqqhg hfrqrp|1
Li dq h{whuqdolw| dulvhv iurp wkh odjjhg ydoxh ri dyhudjh frqvxpswlrq +￿ 9@3 ,/
fxuuhqw frqvxpswlrq d￿hfwv wkh ixwxuh vwdqgdug ri olylqj lq d zd| wkdw lqglylgxdov
gr qrw ixoo| lqwhuqdol}h1 Lq wklv fdvh/ kdelwv lq wkh frpshwlwlyh htxloleulxp duh djdlq
pruh lpsruwdqw wkdq lq wkh h￿flhqw vroxwlrq1 Wkhuhiruh/ wkh PUV ri wkh frpshwlwlyh
hfrqrp| zrxog dovr gl￿hu iurp wkdw ri wkh vrfldoo| sodqqhg hfrqrp|1
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Zh kdyh mxvw vkrzq wkdw wkh frpshwlwlyh htxloleulxp fdq eh lqh￿flhqw dorqj wkh
wudqvlwlrq wr wkh vwhdg| vwdwh1 Lqh￿flhqf| frphv iurp wkh glvfuhsdqf| ehwzhhq wkh
Hxohu htxdwlrq ri wkh frpshwlwlyh hfrqrp| dqg wkdw ri wkh vrfldoo| sodqqhg hfrqrp|
+vhh +61:, dqg +719,,1 Lq sduwlfxodu/ zkdw lv gl￿huhqw lq wkhvh htxdwlrqv duh wkh
ixqfwlrqdo irupv ri wkh PUV*v ri erwk hfrqrplhv1 Wkh jryhuqphqw fdq wkxv ghvljq d
￿vfdo srolf| wkdw uhvwruhv wkh h￿flhqf| ri wkh frpshwlwlyh htxloleulxp e| gulylqj wkh
frpshwlwlyh PUV wr lwv h￿flhqw ydoxh1 Zh zloo vhh qh{w wkdw wkh frqvxpswlrq wd{
dqg wkh fdslwdo lqfrph wd{ duh dowhuqdwlyh lqvwuxphqwv wkdw doorz wkh ghfhqwudol}hg
hfrqrp| wr uhdfk dq h￿flhqw htxloleulxp sdwk1
Ohw PUV_ dqg PUVR eh wkh PUV fruuhvsrqglqj wr wkh frpshwlwlyh hfrqrp|
dqg wr wkh vrfldoo| sodqqhg hfrqrp|/ uhvshfwlyho|/ wkdw lv/
PUV_ +f|n2>f |n￿>f |>f |3￿, @
x￿+f|n￿>f |>f |n￿>f |, .￿x2+f|n2>f |n￿>f |n2>f |n￿,
x￿+f|>f |3￿>f |>f |3￿, . ￿x2+f|n￿>f |>f |n￿>f |,
dqg
PUVR +f|n2>f |n￿>f |>f |3￿, @
a x￿+f|n￿>f |, .￿a x2+f|n2>f |n￿,
a x￿+f|>f |3￿, . ￿a x2+f|n￿>f |,
=
















i￿ +n|n￿, ￿ ￿
￿> +914,
zkloh wkh Hxohu htxdwlrq +719, ri wkh vrfldoo| sodqqhg hfrqrp| ehfrphv lq wxuq










46Iurp lqvshfwlrq ri wkh uljkw kdqg vlghv ri htxdwlrqv +914, dqg +915,/ zh vhh wkdw
wkh ixqfwlrqdo irupv ri wkh PUW*v ri wkh wzr hfrqrplhv duh lghqwlfdo xqghu }hur wd{
udwhv1 Hydoxdwlqj htxdwlrq +914, dorqj wkh h￿flhqw sdwk/ dqg glylglqj wkh uhvxowlqj
htxdwlrq e| +915,/ zh rewdlq wkh iroorzlqj rswlpdo wd{dwlrq frqglwlrq=
PUV_ +a f|n2>a f|n￿>a f|>a f|3￿,







4.i￿+a n|n￿, ￿ ￿
4.
￿
4 ￿ a ￿&
|n￿
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| dqg a ￿&
| ghqrwh wkh rswlpdo udwhv ri wkh frqvxpswlrq wd{ dqg ri wkh fdslwdo
lqfrph wd{ dw shulrg w/ uhvshfwlyho|1 Wkh qh{w sursrvlwlrq fkdudfwhul}hv wkh rswlpdo
wd{ udwhv=
Sursrvlwlrq 51 +d, Li PUV_+a f|n2>a f|n￿>a f|>a f|3￿, A +?,PUVR +a f|n2>a f|n￿>a f|>a f|3￿,
dqg a ￿S
|n￿ @a ￿S
| / wkhq a ￿&
| A +?,31
+e, Li PUV_ +a f|n2>a f|n￿>a f|>a f|3￿, A +?,PUVR+a f|n2>a f|n￿>a f|>a f|3￿, dqg a ￿&
| @3 /
wkhq a ￿S
|n￿ A +?,a ￿S
| 1




| iru doo w frqvwlwxwhv dq rswlpdo wd{ srolf|1
Surri1 Wkh sursrvlwlrq iroorzv gluhfwo| iurp frqglwlrq +916,1
Li wkh frpshwlwlyh PUV hydoxdwhg dorqj wkh h￿flhqw sdwk wxuqv rxw wr eh
odujhu wkdq wkh h￿flhqw PUV hydoxdwhg dorqj wkh vdph sdwk/ wkhq wkh lqglylgxdov*
zloolqjqhvv wr vkliw suhvhqw frqvxpswlrq wr wkh ixwxuh zrxog eh wrr kljk1 Lq wklv fdvh/
wkh h￿flhqw sdwk fdq eh uhdfkhg e| wkh ghfhqwudol}hg hfrqrp| wkurxjk wd{hv wkdw
udlvh wkh sulfh ri ixwxuh frqvxpswlrq lq whupv ri suhvhqw frqvxpswlrq lq rughu wr
suhyhqw frqvxpswlrq iurp ehlqj srvwsrqhg1 Wklv fdq eh dfklhyhg e| phdqv ri hlwkhu
d srvlwlyh wd{ udwh rq fdslwdo lqfrph ru d vhtxhqfh ri wd{ udwhv rq frqvxpswlrq wkdw
lqfuhdvh ryhu wlph1 Qrwh wkdw dq lqfuhdvlqj vhtxhqfh ri wd{ udwhv rq frqvxpswlrq
gluhfwo| lqfuhdvhv wkh diwhu0wd{ uhodwlyh sulfh ri ixwxuh frqvxpswlrq1 Pruhryhu/ d wd{
rq fdslwdo lqfrph lqfuhdvhv wkh frvw ri vkliwlqj uhvrxufhv wr ixwxuh shulrgv dqg/ wkxv/
lqfuhdvhv dovr wkh uhodwlyh sulfh ri ixwxuh frqvxpswlrq1 Li wkh PUV ri wkh frpshwlwlyh
hfrqrp| dorqj dq h￿flhqw sdwk lv vpdoohu wkdq wkdw ri wkh vrfldoo| sodqqhg hfrqrp|/
wkhq wkh lqglylgxdov* zloolqjqhvv wr vkliw suhvhqw frqvxpswlrq wr wkh ixwxuh zloo eh
vxerswlpdoo| orz1 Lq wklv fdvh/ frqglwlrq +916, hvwdeolvkhv wkdw d zhoiduh0pd{lpl}lqj
jryhuqphqw pxvw hlwkhu vxevlgl}h fdslwdo ru lpsrvh d wd{ rq frqvxpswlrq zlwk d udwh
idoolqj ryhu wlph1 Wklv rswlpdo ￿vfdo srolf| pdnhv ixwxuh frqvxpswlrq fkhdshu lq
whupv ri suhvhqw frqvxpswlrq dqg/ khqfh/ lw rswlpdoo| gulyhv lqglylgxdov* zloolqjqhvv
wr vkliw frqvxpswlrq wr wkh ixwxuh xs1S
Zh kdyh suryhg lq wkh suhylrxv vhfwlrq wkdw wkh vwhdg| vwdwh ydoxh ri wkh PUV
fruuhvsrqglqj wr wkh frpshwlwlyh hfrqrp| zlwkrxw wd{hv frlqflghv zlwk wkdw ri wkh
PUV ri wkh vrfldoo| sodqqhg hfrqrp|1 Wkhuhiruh/ Sursrvlwlrq 5 dovr hvwdeolvkhv wkdw
}hur wd{ udwhv rq fdslwdo lqfrph frxsohg zlwk frqvwdqw wd{ udwhv rq frqvxpswlrq
frqvwlwxwh dq rswlpdo srolf| dw wkh vwhdg| vwdwh1
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Lq wklv sdshu zh kdyh dqdo|}hg wkh zhoiduh surshuwlhv ri wkh frpshwlwlyh htxloleulxp
ri dq hfrqrp| zlwk fdslwdo dffxpxodwlrq zkhuh zh kdyh dvvxphg wkdw lqglylgxdov*
suhihuhqfhv ydu| ryhu wlph gxh wr d surfhvv ri kdelw irupdwlrq dqg wr wkh suhvhqfh
ri frqvxpswlrq vslooryhuv1 Lqglylgxdov zloo qrw ghulyh xwlolw| iurp wkhlu devroxwh
ohyho ri frqvxpswlrq dw d jlyhq shulrg exw iurp wkh fkdqjh ri frqvxpswlrq zlwk
uhvshfw wr d uhihuhqfh ohyho1 Wklv uhihuhqfh frqvxpswlrq lv ghwhuplqhg e| dq dgglwlyh
frpelqdwlrq ri wkh sdvw rzq frqvxpswlrq/ wkh odjjhg ydoxh ri dyhudjh frqvxpswlrq
dqg wkh fxuuhqw dyhudjh frqvxpswlrq1
Wklv ghsduwxuh iurp wkh pruh wudglwlrqdo irupxodwlrqv ri suhihuhqfhv kdv
frqvhtxhqfhv iru wkh g|qdplf ehkdylru ri frqvxpswlrq dqg fdslwdo1 Lq sduwlfxodu/
frqvxpswlrq h{whuqdolwlhv frxog eh dq reylrxv vrxufh ri lqh￿flhqf|1 Pruh suhflvho|/
wkhvh h{whuqdolwlhv d￿hfw wkh zhoiduh surshuwlhv ri wkh frpshwlwlyh htxloleulxp rqo|
li suhihuhqfhv duh wlph ghshqghqw1 Khqfh/ frqwhpsrudqhrxv frqvxpswlrq vslooryhuv
gr qrw jhqhudwh dq| nlqg ri vxe0rswlpdolw| zkhqhyhu lqglylgxdov* xwlolw| lv qhlwkhu
vxemhfwhg wr d surfhvv ri kdelw irupdwlrq qru wr frqvxpswlrq vslooryhuv iurp wkh
odjjhg ydoxh ri dyhudjh frqvxpswlrq1 Wklv rffxuv ehfdxvh/ lq wklv fdvh/ wkh
ixqfwlrqdo irup ri wkh pdujlqdo udwh ri vxevwlwxwlrq ehwzhhq frqvxpswlrq dw gl￿huhqw
shulrgv lv lghqwlfdo wr wkh h￿flhqw pdujlqdo udwh ri vxevwlwxwlrq1 Frqvxpswlrq
vslooryhuv rqo| euhdn grzq wkh suhylrxv lghqwlw| ehwzhhq wkh wzr pdujlqdo udwhv
ri vxevwlwxwlrq wkurxjk wkhlu h￿hfw ryhu wkh ixwxuh vwdqgdug ri olylqj1 Reylrxvo|/
wklv glvfuhsdqf| fdoov iru vrph sxeolf lqwhuyhqwlrq dlphg wr uhvwruh h￿flhqf|1 Li
frqvxpswlrq vslooryhuv d￿hfw kdelwv lq d zd| wkdw wkh lqglylgxdov* zloolqjqhvv wr vkliw
frqvxpswlrq wr wkh ixwxuh dorqj dq h￿flhqw sdwk lv ehorz +deryh, wkh h￿flhqw rqh/
wkh jryhuqphqw pd{lpl}hv zhoiduh e| phdqv ri hlwkhu vxevlgl}lqj +wd{lqj, fdslwdo ru
wd{lqj frqvxpswlrq zlwk wd{ udwhv wkdw idoo +lqfuhdvh, ryhu wlph1 Ixuwkhupruh/ wkh
rswlpdo udwhv ri wkh fdslwdo lqfrph wd{ dqg ri wkh frqvxpswlrq wd{ whqg wr }hur dqg
wr d frqvwdqw ydoxh/ uhvshfwlyho|1
48%&
$
^4‘ Deho/ D1 +4<<3,1 _Dvvhw Sulfhv xqghu Kdelw Irupdwlrq dqg Fdwfklqj xs zlwk
wkh Mrqhvhv1% Dphulfdq Hfrqrplf Uhylhz ;3= 6;0751
^5‘ Deho/ D1 +4<<<,1 _Ulvn Suhpld dqg Whup Suhpld lq Jhqhudo Htxloleulxp1%
Mrxuqdo ri Prqhwdu| Hfrqrplfv 76= 60661
^6‘ Dorqvr0Fduuhud/ M/ M1 Fdedoo￿ h/ dqg [1 Udxulfk +5334,1 _Jurzwk/ Kdelw Irupd0
wlrq/ dqg Fdwfklqj Xs zlwk wkh Mrqhvhv1% Glvfxvvlrq Sdshu GHKH +XDE,0LDH
+FVLF, 7<:1341
^7‘ Eurfn/ Z1 dqg V1 Wxuqryvn| +4<;4,1 _Wkh Dqdo|vlv ri Pdfurhfrqrplf Srolflhv
lq Shuihfw Iruhvljkw Htxloleulxp1% Lqwhuqdwlrqdo Hfrqrplf Uhylhz 55= 4:<053<1
^8‘ Fdpsehoo/ M1 \1 dqg M1 K1 Frfkudqh +4<<<,1 _E| Irufh ri Kdelw= D Frqvxpswlrq0
Edvhg H{sodqdwlrq ri Djjuhjdwh Vwrfn Pdunhw Ehkdylru1% Mrxuqdo ri Srolwlfdo
Hfrqrp| 43:= 53805841
^9‘ Fduuroo/ F1/ +5333,1 _Vroylqj Frqvxpswlrq Prghov zlwk Pxowlsolfdwlyh Kdelwv1%
Hfrqrplfv Ohwwhuv 9;= 9:0::1
^:‘ Fduuroo/ F1/ M1 Ryhuodqg/ dqg G1 Zhlo +4<<:,1 _Frpsdulvrq Xwlolw| lq d Jurzwk
Prgho1% Mrxuqdo ri Hfrqrplf Jurzwk 5= 66<069:1
^;‘ Fduuroo/ F1/ M1 Ryhuodqg/ dqg G1 Zhlo +5333,1 _Vdylqj dqg Jurzwk zlwk Kdelw
Irupdwlrq1% Dphulfdq Hfrqrplf Uhylhz <3= 67406881
^<‘ Frqvwdqwlqlghv/ J1 P1 +4<<3,1 _Kdelw Irupdwlrq= D Uhvroxwlrq ri wkh Htxlw|
Suhplxp Sx}}oh1% Mrxuqdo ri Srolwlfdo Hfrqrp| <;= 84<08761
^43‘ Ihuvrq/ Z1 H1 dqg J1P1 Frqvwdqwlqlglhv1 +4<<4,1 _Kdelw Shuvlvwhqfh dqg
Gxudelolw| lq Djjuhjdwh Frqvxpswlrq= Hpslulfdo Whvw1% Mrxuqdo ri Ilqdqfldo
Hfrqrplfv 5<= 4<<05731
^44‘ Ilvkhu/ Z1 K1 dqg I1 [1 Kri1 +5333,1 _Uhodwlyh Frqvxpswlrq/ Hfrqrplf Jurzwk/
dqg Wd{dwlrq1% Mrxuqdo ri Hfrqrplfv :5= 57405951
^45‘ Jdo￿ ￿/ M1 +4<<7,1 _Nhhslqj Xs zlwk wkh Mrqhvhv= Frqvxpswlrq H{whuqdolwlhv/
Sruwirolr Fkrlfh/ dqg Dvvhw Sulfhv1% Mrxuqdo ri Prqh| Fuhglw dqg Edqnlqj 59=
40;1
^46‘ Kdoo/ U1 +4<:4,1 _Wkh G|qdplf H￿hfwv ri Ilvfdo Srolf| lq dq Hfrqrp| zlwk
Iruhvljkw1% Uhylhz ri Hfrqrplf Vwxglhv 6;= 55<05771
^47‘ Khdwrq/ M1 +4<<8,1 _Dq Hpslulfdo Lqyhvwljdwlrq ri Dvvhw Sulflqj zlwk Whpsrudoo|
Ghshqghqw Suhihuhqfh Vshfl￿fdwlrqv1% Hfrqrphwulfd 96= 9;40:4:1
^48‘ Ohwwdx/ P1 dqg K1 Xkolj1 +5333,1 _Fdq Kdelw Irupdwlrq Eh Uhfrqflohg zlwk
Exvlqhvv F|fohv IdfwvB% Uhylhz ri Hfrqrplf G|qdplfv 6= :<0<<1
49^49‘ Omxqjtylvw/ O1 dqg K1 Xkolj +5333,1 _Wd{ Srolf| dqg Djjuhjdwh Ghpdqg
Pdqdjhphqw Xqghu Fdwfklqj Xs zlwk wkh Mrqhvhv1% Dphulfdq Hfrqrplf Uhylhz
<3= 68906991
^4:‘ Vklhk/ M1/ F1 Odl dqg Z1 Fkdqj1 +5333,1 _Dgglfwlyh Ehkdylrxu dqg Hqgrjhqrxv
Jurzwk1% Mrxuqdo ri Hfrqrplfv :5= 59605:61
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